§2. One-—-sidsd ideals

one sided ideals are messier than two-sided ideals, pri-
marily beosuse the product of Lwo onc-zidad ideals nacd not
be a cne—-sided ideal. Tha most useful positive fact about one-

sided idea’ls is

2.1 (assopciator nemmal. If B is a one-sided idezl of A then
any associalor with a factor frem B falls back in B:
[A,B,A]CH
Proof. To be definits, let us supposc B 1s a left ideal.
Then by the alternaling nalure of associators we can move 211
muiltiplicatkions by A te the left of B, whence they send B bacx
into itself: [A;BA] = = [A,R,B].C A(AB) — (AA)BQ ABCE af

B iz a left ideal. B3

Using this wa can guickly find an ecxpression for thes twe-sided
ideal generaled by a one-sided ideal; just as in the associative
Case.
2.2 {Hull Lemma). The two-sided ideal gsnerated by a left
ideal It iz the hull BH{B) = BA.
o
rroocf. Any ideal containing B must alse conltain BA; con-

I

voersely, this space alroszdy consbitulbes an ideal zince A(BEM)

= {(aB)A - [A,2,2] C BA + [A,B2,n] and (BA)A = [B,A,A] + B{AA)

C [B,A,2) + BA, where we just saw [2,L,A] C B CRrA . E
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Just as the hull #(2) is the smallest ldeal containing B,
so the kernal K(B) is the largest ideal contajned in B. Again

we have the evpecled characterization

2.3 {(Kernel Lermma). If 3 is a laft ideal, the largest ideal

contained in B ig the kernal X(B) = {b & B bh & [ S

Proat, Cerlbainly if b belongs to an ideal K contained in

B then bA C K EB. Conversely, thes above set forms an ideal:

it is a left idezl sincae (ab}h =
. B + a2 [(Rasscoisber Twemma) (0B if B iz left, and also

ab & AB B; similarly it is a right ideal since (ba)h =

[b,z,A) + bl{zaA} C B + A (Asscoiator Lemma) & B by cholocs of
---..I_.I _',. < P ) e e sEaaT fem i e =
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ne general method of puliing two one-sidod ideals togsther

to gel a new one (kesides sums and intersections) 1s traanspor-

taztion., If 5 i5 & set and B g subspace the left transportsr of

S into B i

L(S,B) = ix & I-‘.JLK{S} 2} .
Thers iz always confusion with transporters as to which carries
what into whom, and on what side; the netation is designed to
indicate 8 is ecarricd inlo B from Lthe I1cft. (Cne could alzo
write 351[3} = {x|R,(x) & 2} , the set of elements which are

gcarried by & into B) . Similarly we have = righl Lransporter

of 8 into B

Rig,n} = {x & a8 _{5) & B} .
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In gase B = 0 these reduce to the left and righlt annihilators

Ann, (8) = L(s5,0] = [x]lx8 = 0}
Ar‘.nP{S} = R{5,0) = {x|8x = 0}

wiiich kill 8 from ths lefl and righl respeclively.

2.4 (Transzortabion Lemna). I1If B is a left ideal and D a
two-sided ideazl in A, then TW(H,L) is a right ideal and R(Db,D)
is a left ideal. IZ£ B is a right and D a lbwo-sided ideal then
L(k,I}) is a left ideal ard T(D,B) iz a righlk ideal.
Proon{, We just prove ths case when B i5 a left ideal.
We chscorve
El{xa) = (Bx)a — |53,%,.a8]
Dilax) = (Da)x - [D,a,x],
If x € R(B,&) thepn in the first relation (Bx)a €Darc D (b is
right} and [B,x,z] = [a,B,x] C(al)x - a(bBx) (C Bx — aDb (B is
left} D (D i3z left too). This shows xa lies in T(R,D) il
¥ does. If ®x £ R{D,B) we use ths second relation to see
D(ax} £ B: (Da)x &< Dx C B sinecs D is right, [Dr;a,x] = - [a,D,=zn]
= al(bx) -~ {(a)xC aB - Dx (since D iS-lﬁfL] CFE [(sinose B i
laft). Thus ax liss in R{B,D}), and the latter is a left ideai. (3
It is too confusing to remember how left and right get
snarled up in transportation. Just note that for a left ideal

B only right transportersz R({,}) give risc to one-sided ideals,

angd that, like Hom {(,}), the functor R(,;) is "covariant" in the

sacond variable but "coentravarianbk" in Lhe firsit (in the sense
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that a left ideal B getz converted inteo a richit ideal R(2B,D)).

Taking D = 0 , we ses that for annihilaters everything is

bhackwards

2.5 [Rnnihilatqr Temmal . If B is a laft idszl its right anni-
hilator Ann_ (B} = R(B,0) is a right ideal. If B is a right ideal

its left annihilater ann_(B} = L(2,0) is a left ideal. Ea

Thus annihilation is =z contraveriant process,



L

Fxaeroiase

Let B be an ideal in A, C = Be for e € W(RB} a nuclear

idempotent of B, Zhow C is a left ideal of A,

I£ B ig a left idezl and C a right ideal, show UBC is a
Lt
left idezl. In particular, U A is a left ideal if ig.

E

Tf C iz a left ideal of &, show for any subsset 5 C A Lhat
L{g,C) = C M L(S,C) iz 2 left ideal of A contained in C,

If 5 ¢ C show L{5,C) is a le;i ideal of A gontaining C.

If L, € are leit ideals show T(B,C)E2 & L(E,C).

Investigate why, 1if B is a left ideal and D a two-sided

ideal, the left transporters L(B,D} and L(D,B) need't ke

one=-sided ideals {(as they would in the assoclative case),

If n& M(A) iz iruclear, show Bn iz a left ideal whenever
| AR 1

The middle annibilator of a8 =0t § i= hﬂﬁ15 = {a & A UEE = 0

for 211 3 € 8} . Show that if B is5 a left ideal then its

middle annihilator ann, (B) i1s a right 1deal, Show that
M H

ﬁnnq{ﬁ} ig an ideal i1 1# is,



